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Abstract
In this paper, we obtain the exact values of n-widths of some classes of periodic differentiable functions
in the space L2[0, 2π ], satisfying the condition h
0
ω
p
m( f
(r); t) sinγ β
h
tdt
1/p
≤ 1,
where m, n, r ∈ N, 1/r < p ≤ 2, 0 ≤ γ ≤ r p−1, 0 < β ≤ π, 0 < h ≤ π/n. Some further generalizations
are included.
c⃝ 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let L2 := L2[0, 2π ] denote the space of Lebesgue measurable 2π -periodic real functions f
with finite norm
∥ f ∥ := ∥ f ∥L2 =

1
π
 2π
0
| f (x)|2dx
1/2
<∞.
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Let ℑn−1 be the subspace of all trigonometric polynomials of degree ≤ n − 1. It is well known
that, for any function f ∈ L2 with Fourier expansion
f (x) ∼ a0
2
+
∞
k=1
(ak cos kx + bk sin kx) ,
the value of its best approximation in L2 by elements of the subspace ℑn−1 is
En( f ) := inf {∥ f − Tn−1∥ : Tn−1(x) ∈ ℑn−1}
= ∥ f − Sn−1( f )∥ =
 ∞
k=n
ρ2k
1/2
,
where
Sn−1( f ; x) = a02 +
n−1
k=1
(ak cos kx + bk sin kx)
is the partial sum of order n − 1 of the Fourier series for the function f and ρ2k := a2k + b2k .
By L(r)2 (r = 0, 1, 2, . . . ; L(0)2 = L2) we denote the set of functions f ∈ L2, whose (r − 1)st
derivatives are absolutely continuous and f (r) ∈ L2.
Let ∆m( f ; h) denote the norm of the mth-order difference of a function f ∈ L2 with step h,
that is,
∆m( f ; h) =
 1π
 2π
0
 m
k=0
(−1)k
m
k

f (x + kh)

2
dx

1/2
.
The equality
ωm( f ; t) := sup {∆m( f ; h) : |h| ≤ t}
defines the mth-order modulus of continuity of a function f ∈ L2.
In this paper, we consider extremal characteristics of the form
χn,r,m,p,γ,β(h) = sup
f ∈L(r)2
f (r)≠const
2mnr En( f ) h
0 ω
p
m( f (r), t) sinγ
β
h tdt
1/p , (1.1)
where n, r,m ∈ N, 0 ≤ γ ≤ r p − 1, 0 < p ≤ 2, 0 < β ≤ π, 0 < h ≤ π/n.
It should be noted that the values of the form (1.1) for various values of parameters p, β, γ, h
are considered in [1–3,5–18].
Theorem 1.1. For arbitrary m, n, r ∈ N, 1/r < p ≤ 2, 0 ≤ γ ≤ r p − 1, 0 < β ≤ π, 0 < h ≤
π/n we have
χn,r,m,p,γ,β(h) =
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1/p
. (1.2)
Furthermore, there is a function f0 ∈ L(r)2 for which the upper bound is reached in (1.1),
attaining equality in (1.2).
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Proof. We apply the inequality [4, p.32] h
0
 ∞
k=n
| fk(t)|2
p/2
dt
1/p ≥  ∞
k=n
 h
0
| fk(t)|pdt
2/p1/2
, 0 < p ≤ 2.
Taking into account the fact that
ω2m( f
(r); t) = 2m sup
 ∞
k=1
k2rρ2k (1− cos ku)m : |u| ≤ t

,
for any f ∈ L(r)2 , we obtain h
0
ω
p
m( f
(r); t) sinγ β
h
tdt
1/p
≥
 h
0

2m
∞
k=n
k2rρ2k (1− cos kt)m
p/2
sinγ
β
h
tdt
1/p
=
 h
0

2m
∞
k=n
k2rρ2k (1− cos kt)m

sinγ
β
h
t
2/pp/2
dt
1/p
≥ 2m/2
 ∞
k=n

kr pρ pk
 h
0
(1− cos kt)mp/2 sinγ β
h
tdt
2/p1/2
= 2m/2
 ∞
k=n
ρ2k

kr p
 h
0
(1− cos kt)mp/2 sinγ β
h
tdt
2/p1/2
. (1.3)
In order to find a lower bound for the right hand side of (1.3), we prove that the function
ϕ(u) = ur p
 h
0
(1− cos ut)mp/2 sinγ β
h
tdt
is a strictly increasing function in the domain Q = {u : n ≤ u < +∞} and, hence,
min{ϕ(u) : u ∈ Q} = ϕ(n) = nr p
 h
0
(1− cos nt)mp/2 sinγ β
h
tdt.
Indeed, differentiate the function ϕ(u), taking into account the identity
d
du
(1− cos ut)mp/2 = t
u
· d
dt
(1− cos ut)mp/2.
From integration by parts, we then get
ϕ′(u) = r p ur p−1
 h
0
(1− cos ut)mp/2 sinγ βt
h
dt
+ ur p
 h
0
d
du
(1− cos ut)mp/2 sinγ βt
h
dt
= r p ur p−1
 h
0
(1− cos ut)mp/2 sinγ βt
h
dt
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+ ur p−1
 h
0
t sinγ
βt
h
d(1− cos ut)mp/2
= ur p−1

h sinγ β(1− cos uh)mp/2
+
 h
0
(1− cos ut)mp/2 sinγ βt
h

(r p − 1)− γ · βt
h
ctg
βt
h

dt

≥ ur p−1

h sinγ β(1− cos uh)mp/2 + [(r p − 1)− γ ]
×
 h
0
(1− cos ut)mp/2 sinγ βt
h
dt

≥ 0,
since for our range of parameters
min

(r p − 1)− γ · βt
h
ctg
βt
h

: t ∈ [0, h]

= (r p − 1)− γ ≥ 0.
Therefore continuing inequality (1.3), we have
≥ 2m/2nr
 h
0
(1− cos nt)mp/2 sinγ βt
h
dt
1/p  ∞
k=n
ρ2k
1/2
= 2mnr
 h
0

sin
nt
2
mp
sinγ
βt
h
dt
1/p
En( f ),
from which we obtain
2mnr En( f ) h
0 ω
p
m( f (r); t) sinγ βh tdt
1/p ≤  h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1/p
, (1.4)
or
χn,r,m,p,γ,β(h) ≤
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1/p
.
In order to obtain the equality in (1.2), it is sufficient to examine the function f0(x) = cos nx ∈
L2. Using the definition (1.1) of χn,r,m,p,γ,β(h), it is easy to show that
En( f0) = 1, ωm( f (r)0 , t) = 2mnr

sin
nt
2
m
, 0 < nt ≤ π,
and hence equality (1.2) holds. This completes the proof of Theorem 1.1. 
Theorem 1.1 has the following consequences.
(a) For p = 2/m, m ∈ N, γ = 1, β = π, h = π/n we have the result of Shalaev [8]
sup
f ∈L(r)2
f (r)≠const
2mnr−m/2 En( f )
 π/n
0
ω
2/m
m ( f
(r), t) sin ntdt
−m/2
= 1;
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(b) For p = 2, m, n, r ∈ N, γ = 1, β = π, h = π/n we obtain the result of Vasil’ev [18]
sup
f ∈L(r)2
f (r)≠const
2mnr−1/2 En( f )
 π/n
0
ω2m( f
(r), t) sin ntdt
−1/2
=

(m + 1)/2
1/2;
(c) For p = 2/m, m, n, r ∈ N, γ = 0, β = π, 0 < h ≤ π/2n we have the result of
Vakarchuk [15]
sup
f ∈L(r)2
f (r)≠const
2mnr En( f )
 h
0
ω
2/m
m ( f
(r), t)dt
−m/2
=

2n/(nh − sin nh)
m/2
.
(d) For 1/r < p ≤ 2, m, n, r ∈ N, γ = 0, β = π, 0 < h ≤ π/n we recover the result of
Shabozov [7]
sup
f ∈L(r)2
f (r)≠const
2mnr En( f )
 h
0
ω
p
m( f
(r), t)dt
−1/p
=
 h
0

sin
nt
2
mp
dt
−1/p
.
2. Main theorems
We recall the necessary concepts and definitions which will be used later.
Let S be the unit ball in L2, M a convex centrally symmetric set in L2, Λn ⊂ L2 an n-
dimensional space, Λn ⊂ L2 a subspace of codimension n, l : L2 → Λn a continuous linear
operator, and l⊥ : L2 → Λn a continuous orthogonal projection operator. The quantities
bn(M, L2) = sup {sup {ε > 0; εS ∩ Λn+1 ⊂M} : Λn+1 ⊂ L2} ,
dn(M, L2) = inf {sup {inf {∥ f − g∥ : g ∈ Λn} : f ∈M} : Λn ⊂ L2} ,
δn(M, L2) = inf {inf {sup {∥ f − l f ∥ : f ∈M} : l L2 ⊂ Λn} : Λn ⊂ L2} ,
dn(M, L2) = inf

sup
∥ f ∥ : f ∈M ∩ Λn : Λn ⊂ L2 ,
Πn(M, L2) = inf

inf

sup

∥ f − L⊥ f ∥ : f ∈M

: l⊥L2 ⊂ Λn

: Λn ⊂ L2

are called, correspondingly, Bernstein, Kolmogorov, linear, Gelfand, and projection n-widths of
the setM in the space L2. Since L2 is a Hilbert space, the n-widths listed above are related by
(see, e.g., [6,12]):
bn(M, L2) ≤ dn(M, L2) ≤ dn(M, L2) = δn(M, L2) = Πn(M, L2). (2.1)
We shall designate by W (r)m,p,h(γ ;β) the class of functions f ∈ L(r)2 , where m, r ∈ N, 1/r <
p ≤ 2, 0 ≤ γ ≤ r p − 1, 0 < β ≤ π , and 0 < h ≤ π/n, n ∈ N, satisfying the condition h
0
ω
p
m( f
(r); t) sinγ β
h
tdt
1/p
≤ 1.
For any given class of functionsM in L2, we define
En(M; L2) := sup{En( f ) : f ∈M}.
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Theorem 2.1. For any m, n, r ∈ N, 1/r < p ≤ 2, 0 ≤ γ ≤ r p − 1, 0 < β ≤ π , and
0 < h ≤ π/n we have
λ2n

W (r)m,p,h(γ ;β); L2

= λ2n−1

W (r)m,p,h(γ ;β); L2

= En

W (r)m,p,h(γ ;β); L2

= 2−mn−r
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1/p
,
where λk(·) are any of the k-widths: Bernstein bk(·), Kolmogorov dk(·), linear δk(·), Gelfand
dk(·), or projection Πk(·).
Proof. The upper bound for the projection n-width for the class W (r)m,p,h(γ ;β) defined above is
obtained from the relation (1.4)
Π2n−1

W (r)m,p,h(γ ;β), L2

≤ sup

En( f ) : f ∈ W (r)m,p,h(γ ;β)

≤ 2−mn−r
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1/p
. (2.2)
To obtain the lower bound for the Bernstein n-width of the class W (r)m,p,h(γ ;β), consider the
(2n + 1)-sphere of polynomials
σ2n+1 =

Tn : Tn ∈ ℑn−1, ∥Tn∥ = 2−mn−r
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1/p
and it is easy to see that σ2n+1 ⊂ W (r)m,p,h(γ ;β).
In [11], it is proved that every Tn ∈ ℑn−1 satisfies the inequality
ωm(T
(r)
n , t) ≤ 2mnr

sin
nt
2
m
∗
∥Tn∥, (2.3)
where
(sin u)m∗ =

(sin u)m, if 0 ≤ u ≤ π/2; 1, if u > π/2

.
Take the pth (1/r < p ≤ 2, r ≥ 1) power of inequality (2.3), multiply by sinγ βh t and
integrate over the range 0 ≤ t ≤ h. We then substitute Tn ∈ σ2n+1 to get h
0
ω
p
m(T
(r)
n ; t) sinγ
β
h
tdt ≤ 2mnr
 h
0

sin
nt
2
mp
sinγ
β
h
tdt∥Tn∥p
=
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
·
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1
= 1.
This inequality implies the inclusion σ2n+1 ⊂ W (r)m,p,h(γ ;β). From the Bernstein n-width we
obtain the lower bound
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b2n−1

W (r)m,p,h(γ ;β), L2

≥ b2n−1(σ2n+1, L2)
= 2−mn−r
 h
0

sin
nt
2
mp
sinγ
β
h
tdt
−1/p
. (2.4)
Using relation (2.1), we derive the assertion of Theorem 2.1from (2.2) and (2.4). 
As a consequence of Theorem 2.1, we obtain the following corollary.
Corollary. If the conditions of Theorem 2.1 hold then
λ2n

W (r)m,p,π/n(γ ;π); L2

= λ2n−1

W (r)m,p,π/n(γ ;π); L2

= En

W (r)m,p,π/n(γ ;π); L2

= 2−

m+ γp

n−r+
1
p
 1π · Γ

mp+γ+1
2

Γ

γ+1
2

Γ
mp
2 + 1


−1/p
,(2.5)
where λk(·) are any of the above-listed k-widths, Γ (u) is Euler’s gamma-function.
Proof. In Theorem 2.1, set β = π, h = π/n. Calculating the integral we have
λ2n

W (r)m,p,π/n(γ ;π); L2

= λ2n−1

W (r)m,p,π/n(γ ;π); L2

= En

W (r)m,p,π/n(γ ;π); L2

= 2−mn−r
 π/n
0

sin
nt
2
mp
sinγ ntdt
−1/p
= 2−mn−r

2γ
 π/n
0

sin
nt
2
mp+γ 
cos
nt
2
γ
dt
−1/p
= 2−mn−r

2γ+1
n
 π/2
0
(sin t)mp+γ (cos t)γ dt
−1/p
= 2−

m+ γp

n−r+
1
p
 1π · Γ

mp+γ+1
2

Γ

γ+1
2

Γ
mp
2 + 1


−1/p
.
It should be noted that the particular results listed in the works [7,8,15,18], can be obtained
with the appropriate choice of parameter p and γ in (2.5).
Set
(nh − π)+ = { 0, if nh ≤ π; 1, if nh > π}.
Let Φ(u) be an arbitrary continuous increasing function on [0,∞) satisfying the condition
lim {Φ(u) : u → 0} = Φ(0) = 0.
We shall designate by W (r)m,p(γ ;Φ) the class of functions f ∈ L(r)2 , where m, r ∈ N, 1/r <
p ≤ 2, and 0 ≤ γ ≤ r p − 1, satisfying the condition h
0
ω
p
m( f
(r); t) sinγ ntdt
1/p
≤ Φ(h),
for all h ∈ (0, 2π ]. Note that in this case we have also taken β = nh.
Theorem 2.1 was proved under the condition for nh ≤ π. 
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Theorem 2.2. Let m, r ∈ N, 1/r < p ≤ 2, 0 < γ ≤ r p − 1. Let Φ(h) ∈ C[0, 2π ] and assume
that the following infimum Q is attained at some h∗ ∈ [0, π/n]
inf
0≤h≤2π
Φ(h) min(h,π/n)
0

sin nt2
mp sinγ ntdt + (nh−π)+n 1/p = Q. (2.6)
Then we have
λ2n

W (r)m,p(γ ;Φ); L2

= λ2n−1

W (r)m,p(γ ;Φ); L2

= En

W (r)m,p(γ ;Φ); L2

= 2−mn−r Q,
where λk(·) are any of the k-widths of bk(·), dk(·), dk(·), δk(·),Πk(·).
Proof. Following the reasoning in [6, pp. 105–107], from inequality (1.4), for every h ∈ [0, π/n]
we obtain
Π2n−1

W (r)m,p(γ ;Φ), L2

≤ 2−mn−r
 h
0

sin
nt
2
mp
sinγ ntdt
−1/p
Φ(h),
from which
Π2n−1

W (r)m,p(γ ;Φ), L2

≤ 2−mn−r Q. (2.7)
To obtain the lower bound for the Bernstein n-width consider
S2n+1 =

Tn : Tn ∈ ℑn−1, ∥Tn∥ = 2−mn−r Q

.
We wish to prove that S2n+1 ⊂ W (r)m,p(γ ;Φ).
For h ∈ [0, 2π ] it is easy to prove that
ωm(T
(r)
n , h) =
2mnr

sin
nh
2
m
∥Tn∥, nh ≤ π
2mnr∥Tn∥, nh > π.
(2.8)
Using equality (2.8), we have h
0
ω
p
m(T
(r)
n ; t)| sin nt |γ dt
1/p
=
 π/n
0
ω
p
m(T
(r)
n ; t) sinγ ntdt +
 h
π/n
ω
p
m(T
(r)
n ; t)| sin nt |γ dt
1/p
≤ 2mnr∥Tn∥
 π/n
0

sin
nt
2
mp
sinγ ntdt +
 h
π/n
| sin nt |γ dt
1/p
≤
 π/n
0

sin
nt
2
mp
sinγ ntdt +

h − π
n
1/p
Q ≤ Φ(h).
The last inequality implies S2n+1 ⊂ W (r)m,p(γ ;Φ) and therefore
b2n−1

W (r)m,p(γ ;Φ), L2

≥ b2n−1(S2n+1, L2) = 2−mn−r Q. (2.9)
Theorem 2.2 follows from (2.7) and (2.9).
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A natural question that arises is: for which values of α does the function Φ(h) = hα satisfy
the condition of Theorem 2.2? It is obvious that for all h ∈ [π/n, 2π ], the result will follow if
d
dh

hα
 π/n
0

sin
nt
2
mp
sinγ ntdt +

h − π
n
−1/p
≥ 0. (2.10)
Doing the differentiation we obtain an inequality which is equivalent to (2.10),
αp
 π/n
0

sin
nt
2
mp
sinγ ntdt +

h − π
n

− h ≥ 0. (2.11)
The inequality (2.11) we write in the following form
αp
 π/n
0

sin
nt
2
mp
sinγ ntdt − π
n

≥ h(1− αp). (2.12)
But as π/n
0

sin
nt
2
mp
sinγ ntdt − π
n
≤ 0,
it is necessary that we must have 1− αp ≤ 0, so that α ≥ 1/p. Evidently, for all h ∈ [π/n, 2π ]
we have:
max

h(1− αp) : h ∈ [π/n, 2π ]

= π
n

1− αp

.
So from (2.12) we get
α ≥ 1
p

n
π
 π/n
0

sin
nt
2
mp
sinγ ntdt
−1
= 1
p
 π2γ · Γ
mp
2 + 1

Γ

mp+γ+1
2

Γ

γ+1
2

 , (2.13)
where Γ (u) is Euler’s gamma-function.
Thus, it is proved that for the function Φ(h) = hα, α ≥ 0, condition (2.6) is guaranteed if α
satisfies inequality (2.13), which does not depend upon n. 
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